. M a i n r e s u lt . -The main result of this article is theorem . :
Let v be a place of K such that the residue characteristic of v is neither nor 1 . Letv be an extension of v toK. Assume that ρ and ρ 1 are unramified atv{v. Let Fv {v be a Frobenius element with respect to v (that is, a lift of the Frobenius endomorphism of the residue field ofv to the decomposition group Dv {v Ă GalpK{Kq).
We can now contrast the usual compatibility condition with our condition. Recall that ρ and ρ 1 are called compatible at v if the characteristic polynomials of ρ pFv {v q and ρ 1 pFv {v q have coefficients in Q and are equal to each other. (Note that extensions of v toK are conjugate to each other. Consequently, neither the condition that the representations are unramified nor the compatibility condition on the characteristic polynomials depends on the choice ofv.)
Our variant replaces the compatibility condition on the characteristic polynomials of ρ pFv {v q and ρ 1 pFv {v q by the analogous condition for a power of Fv {v that is allowed to depend on v.
In other words, one may replace the decomposition group Dv {v by a finite index subgroup;
and in yet other words, one may replace the local field K v by a finite field extension before checking the compatibility. If ρ and ρ 1 satisfy this relaxed condition, then we say that they are
quasi-compatible at v.
We may also take endomorphisms into account. Instead of only considering systems of Galois representations that are indexed by finite places of Q, we may consider systems that are indexed by finite places of a number field E. This was already suggested by Serre [Ser ] , and Ribet pursued this further in [Rib ] .
The quasi-compatibility condition mentioned in the previous item must then be adapted as follows. Let ρ λ : GalpK{Kq Ñ GL n pE λ q and ρ λ 1 : GalpK{Kq Ñ GL n pE λ 1 q be two Galois representations. Assume that the residue characteristic of v is different from the residue characteristics of λ and λ 1 , and assume that ρ λ and ρ λ 1 are unramified at v. We say that ρ λ and ρ λ 1 are quasi-compatible at v if there is a positive integer n such that the characteristic polynomials of ρ λ pF n v{v q and ρ λ 1 pF n v{v q have coefficients in E and are equal to each other. The system H Λ pM q mentioned above is quasi-compatible if for all λ, λ 1 P Λ there is a non-empty also recall useful properties of abelian motives. This section does not contain new results. In section we give the main definition of this paper, namely the notion of a quasi-compatible system of Galois representations. In section we recall results showing that abelian varieties and so-called cm motives give rise to such quasi-compatible systems. These results are known over number fields, and we make the rather trivial generalisation to finitely generated fields. Section is the heart of this paper, as it proves the main result. See below for an outline of its contents.
Finally, section and section are appendices. In the former we show that quasi-compatible systems share some of the familiar properties of compatible systems in the sense of Serre. The latter appendix shows that for abelian motives the Mumford-Tate conjecture does not depend on the prime number that occurs in its statement.
. O u t l i n e o f t h e p ro o f . -Shimura showed that if M " H 1 pAq, with A an abelian variety, then the system H Λ pM q is an E-rational compatible system in the sense of Serre. In theorem . we recall this result of Shimura in the setting of quasi-compatible systems of Galois representations.
Section proves the main result of this paper, namely that H Λ pM q is a quasi-compatible system of Galois representations for every abelian motive M . Roughly speaking, the proof works by placing the abelian motive M in a family of motives over a Shimura variety. The problem may then be deformed to a cm point on the Shimura variety, where we can prove the result by reducing to the case of abelian varieties mentioned above. To make this work we need a recent result of Kisin [Kis ] : Let S be an integral model of a Shimura variety of Hodge type over the ring of integers O K of a p-adic field K, satisfying some additional technical conditions. Then every point in the special fibre of S is isogenous to a point that lifts to a cm point of the generic fibre S K . We refer to the main text for details ( § . and § . ).
. T e r m i n o l o g y a n d n o tat i o n . -We say that a field is a finitely generated field if it is finitely generated over its prime field. A motive M over a field K Ă C is called geometrically irreducible if M C is irreducible. If G is a semiabelian variety, then we denote with End 0 pGq the Q-algebra EndpGq b Q. If X is a scheme, then X cl denotes the set of closed points of X.
If K is a field, V a vector space over K, and g an endomorphism of V , then we denote with c.p. K pg|V q the characteristic polynomial of g. If there is no confusion possible, then we may drop K or V from the notation, and write c.p.pg|V q or simply c.p.pgq.
Let E be a number field. Recall that E is called totally real (tr) if for all complex embeddings σ : E ãÑ C the image σpEq is contained in R. The field E is called a complex multiplication field (cm) if it is a quadratic extension of a totally real field (typically denoted E 0 ), and if all complex embeddings σ : E ãÑ C have an image that is not contained in R.
Let C be a Tannakian category, and let V be an object of C. If a and b are non-negative integers, then T a,b V denotes the object V ba bV bb . With xV y b we denote the smallest full Tannakian subcategory of C that contains V . This means that it is the smallest full subcategory of C that contains V and that is closed under directs sums, tensor products, duals, and subquotients.
/
The irreducible objects in xV y b are precisely the irreducible objects of C that are a subquotient of T a,b V for some a, b ě 0.
. Ac k n ow l e d g e m e n t s . -This paper is part of the author's PhD thesis [Com ] . A b e l i a n m o t i v e s R e a d m e . -We briefly review the definition of abelian motives in the sense of André [And ] , and we recall some of their useful properties. . -Let K Ă C be a field. In this text a motive over K shall mean a motive in the sense of André [And ] . (To be precise, our category of base pieces is the category of smooth projective varieties over K, and our reference cohomology is Betti cohomology, H B p_q. The resulting notion of motive does not depend on the chosen reference cohomology, see proposition . of [And ] .)
We denote the category of motives over K with Mot K .
The category Mot K is a semisimple neutral Tannakian category and therefore the motivic Galois group of a motive is a reductive algebraic group. We further mention that Künneth projectors exist in Mot K . If K " C, then we know that the Betti realisation functor is fully faithful on the Tannakian subcategory generated by motives of abelian varieties, see theorem . .
If X is a smooth projective variety over K, then we write H i pXq for the motive in degree i associated with X. The cohomology functors mentioned in § . induce realisation functors on the category of motives over K. Let M be a motive over K. For every prime , we write H pM q for the -adic realisation; it is a finite-dimensional Q -vector space equipped with a continuous representation of GalpK{Kq. Similarly, we write H B pM q for the Betti realisation; it is a polarisable Q-Hodge structure.
/ . -Let M be a motive over C, and let be a prime number. There is an isomorphism of
there is an isomorphism of Q -vector spaces H pM q -H pM C q; and therefore
This isomorphism was proven for varieties by Artin in exposé xi in [SGA -] . The generalisation to motives follows from the fact that the isomorphism is compatible with cycle class maps.
. -Let V be a Q-Hodge structure. The Mumford-Tate group G B pV q of V is the linear algebraic group over Q associated with the Tannakian category xV y b generated by V (with the forgetful functor QHS Ñ Vect Q as fibre functor). If V is polarisable, then the Tannakian category xV y b is semisimple; which implies that G B pV q is reductive.
For an alternative description, recall that the Hodge structure on V is determined by a homomorphism of algebraic groups S Ñ GLpV b Q Rq, where S is the Deligne torus Res C R G m . The Mumford-Tate group is the smallest algebraic subgroup G of GLpV q such that G R contains the image of S. Since S is connected, so is G B pV q.
If M is a motive over a field K Ă C, then we write G B pM q for G B pH B pM qq.
. -Let K Ă C be a field. An abelian motive over K is an object of the Tannakian subcategory of motives over K generated by the motives of abelian varieties over K. Recall that HpAq -Ź ‹ H 1 pAq for every abelian variety A over K, and thus we have xHpAqy
A is a non-trivial abelian variety, then the class of any effective non-zero divisor realises 1p´1q as a subobject of H 2 pAq, and therefore 1p´1q P xH 1 pAqy b . In particular 1p´1q is an abelian motive.
We claim that every abelian motive M is contained in xH 1 pAqy b for some abelian variety A over K.
By definition there are abelian varieties pA i q k i"1 such that M is contained in the Tannakian subcategory generated by the HpA i q. Put A "
. T h e o r e m. -The Betti realisation functor H B p_q is fully faithful on the subcategory of abelian motives over C.
Proof. See théorème . . of [And ] .˝ . -In the rest of this section we focus on so-called cm motives. They will play a crucial rôle in the proof of our main result. An important tool in understanding abelian cm motives is the half-twist construction that we describe in § . .
. D e f i n i t i o n. -A motive M over a field K Ă C is called a cm motive if H B pM q is a cm Hodge structure (i.e., the group G B pM q is commutative).
. -Let E be a cm field. Let ΣpEq be the set of complex embeddings of E. 
. H a l f -t w i s t s . -The idea of half-twists originates from [Gee ], though we use the description in § of [Moo ] . Let V be a Hodge structure of weight n. The level of V , denoted m, is by definition maxtp´q | V p,q ‰ 0u. Suppose that EndpV q contains a cm field E. Let ΣpEq denote the set of complex embeddings E ãÑ C. Let T Ă ΣpEq be the embeddings through
Let Φ Ă ΣpEq be a cm type, and let E Φ be the associated Hodge structure on E. If T X Φ " ∅ and m ě 1, then the Hodge structure W " E Φ b E V has weight n`1 and level m´1. In that case we call W a half-twist of V . Note that under our assumption T X T : " ∅ we can certainly find a cm type with T X Φ " ∅, so that there exist half-twists of V . For each cm type Φ with T X Φ " ∅, there is a complex abelian variety A Φ (well-defined up to isogeny), with H
In the next paragraph we will see that this construction generalises to abelian motives.
. -Let K Ă C be a field. Let M be an abelian motive over K. Assume that M is pure of weight n, and assume that EndpM q contains a cm field E. Note that H B pM q is a Hodge structure of weight n. Let T Ă ΣpEq be the set of embeddings through which E acts on
Assume that T X T : " ∅. Then there exists a finitely generated extension L{K, an abelian variety A over L, and a motive N over L, such that E Ă EndpH 1 pAqq, and E Ă EndpN q, and [Chi ] . The main benefit of the variant that we develop is that we relax the compatibility condition, thereby gaining a certain robustness with respect to extensions of the base field and residue fields. We will need this property in a crucial way in the proof of theorem . .
/ . -Let κ be a finite field with q elements, and letκ be an algebraic closure of κ. We denote with Fκ {κ the geometric Frobenius element (that is, the inverse of x Þ Ñ x q ) in Galpκ{κq. . D e f i n i t i o n. -Let K be a field, let E be a number field, and let λ be a place of E. A λ-adic Galois representation of K is a representation of GalpK{Kq on a finite-dimensional E λ -vector space that is continuous for the λ-adic topology.
Let ρ λ : GalpK{Kq Ñ GLpV λ q be a λ-adic Galois representation of K. We denote with G λ pρ λ q or G λ pV λ q the Zariski closure of the image of GalpK{Kq in GLpV λ q. In particular, if E " Q and λ " , then we denote this group with G pρ q or G pV q.
. -Let K be a finitely generated field. Let X be a model of K, and let x P X cl be a closed point. We use the notation introduced in § . . Let ρ be a λ-adic Galois representation of K. We say that ρ is unramified at x if there is an embeddingK ãÑK x for which ρpI x q " t1u. If this is true for one embedding, then it is true for all embeddings.
Let F x be a Frobenius element with respect to x. If ρ is unramified at x, then the element F x,ρ " ρpF x q is well-defined up to conjugation. For n P Z, we write P x,ρ,n ptq for the characteristic polynomial c.p.pF n x,ρ q. Note that P x,ρ,n ptq is well-defined, since conjugate endomorphisms have the same characteristic polynomial.
/ . -In the following definitions, one recovers the notions of Serre [Ser ] by demanding n " 1 everywhere. By not making this demand we gain a certain flexibility that will turn out to be crucial for our proof of theorem . .
. D e f i n i t i o n. -Let K be a finitely generated field. Let E be a number field, and let λ be a finite place of E. Let ρ be a λ-adic Galois representation of K. Let X be a model of K, and let x P X cl be a closed point. The representation ρ is said to be E-rational at x if ρ is unramified at x, and P x,ρ,n ptq P Erts, for some n ě 1.
. D e f i n i t i o n. -Let K be a finitely generated field. Let E be a number field, and let λ 1 and λ 2 be two finite places of E. For i " 1, 2, let ρ i be a λ i -adic Galois representation of K.
. Let X be a model of K, and let x P X cl be a closed point. Then ρ 1 and ρ 2 are said to be quasi-compatible at x if ρ 1 and ρ 2 are both E-rational at x, and if there is an integer n such that P x,ρ1,n ptq " P x,ρ2,n ptq as polynomials in Erts.
. Let X be a model of K. The representations ρ 1 and ρ 2 are quasi-compatible with respect to X if there is a non-empty open subset U Ă X, such that ρ 1 and ρ 2 are quasi-compatible at x for all x P U cl .
. Let X be a model of K. The representations ρ 1 and ρ 2 are strongly quasi-compatible with respect to X if ρ 1 and ρ 2 are quasi-compatible at all points x P X cl that satisfy the following condition:
The places λ 1 and λ 2 have a residue characteristic that is different from the residue characteristic of x, and ρ 1 and ρ 2 are unramified at x.
. The representations ρ 1 and ρ 2 are (strongly) quasi-compatible if they are (strongly) quasicompatible with respect to every model of K.
. R e m a r k. -Let K, E, λ 1 , λ 2 , ρ 1 , and ρ 2 be as in the above definition.
. If there is one model X of K such that ρ 1 and ρ 2 are quasi-compatible with respect to X, then ρ 1 and ρ 2 are quasi-compatible with respect to every model of K, since all models of K are birational to each other.
. It is not known whether the notion of strong quasi-compatibility is stable under birational equivalence: if ρ 1 and ρ 2 are quasi-compatible with respect to some model X of K, then by definition there exists a non-empty open subset U Ă X such that ρ 1 and ρ 2 are strongly quasi-compatible with respect to U . But there is no a priori reason to expect that ρ 1 and ρ 2 are strongly quasi-compatible with respect to X.
. It is not known whether strong quasi-compatibility is an equivalence relation: Let ρ 1 , ρ 2 , and ρ 3 be respectively λ 1 -adic, λ 2 -adic, and λ 3 -adic Galois representations of K. Suppose that ρ 1 and ρ 2 are strongly compatible and suppose that ρ 2 and ρ 3 are strongly compatible.
Then it is not known whether ρ 1 and ρ 3 are strongly compatible.
. D e f i n i t i o n. -Let K be a field. With a system of Galois representations of K we mean a triple pE, Λ, pρ λ q λPΛ q, where E is a number field; Λ is a set of finite places of E; and ρ λ (λ P Λ)
is a λ-adic Galois representation of K.
. -In what follows, we often denote a system of Galois representations pE, Λ, pρ λ q λPΛ q with ρ Λ , leaving the number field E implicit. In contexts where there are multiple number fields the notation will make clear which number field is meant (e.g., by denoting the set of finite places of a number field E 1 with Λ 1 , etc. . . ).
. D e f i n i t i o n. -Let K be a finitely generated field. Let E be a number field, and let Λ be a set of finite places of E. Let ρ Λ be a system of Galois representations of K.
. Let X be a model of K. The system ρ Λ is (strongly) quasi-compatible with respect to X if for all λ 1 , λ 2 P Λ the representations ρ λ1 and ρ λ2 are (strongly) quasi-compatible with respect to X.
. The system ρ Λ is called (strongly) quasi-compatible if for all λ 1 , λ 2 P Λ the representations ρ λ1 and ρ λ2 are (strongly) quasi-compatible.
. R e m a r k. -The first two points of remark . apply mutatis mutandis to the above definition: compatibility is stable under birational equivalence, but for strong compatibility we do not know this.
. L e m m a. 
cl be a closed point whose residue characteristic is different from the residue characteristic of λ 1 and λ 2 .
For the remainder of the proof, we may and do assume that ρ λ1 and ρ λ2 are both unramified at x. Then ρ . -Let K be a finitely generated field. Let E be a number field, and let Λ be a set of finite places of E. Let ρ Λ be a system of Galois representations over K. Let E 1 Ă E be a subfield, and let Λ 1 be the set of places λ 1 of E 1 satisfying the following condition:
For all places λ of E with λ|λ 1 , we have λ P Λ.
We thus obtain a system of Galois representations ρ Λ 1 .
There exists an integer n ě 1 such that P ptq " P x,ρ λ ,n ptq does not depend on λ P Λ (since we assumed that Λ is a finite set). We may then compute
We conclude that P x,ρ λ 1 ,n ptq is a polynomial in E 1 rts that does not depend on λ 1 P Λ 1 .˝ . -A counterpart to the previous lemma is as follows. Let K be a finitely generated field. Let E be a number field, and let Λ be a set of finite places of E. Let ρ Λ be a system of Galois representations over K. Let E ĂẼ be a finite extension, and letΛ be the set of finite placesλ ofẼ that lie above places λ P Λ.
Let λ P Λ be a finite place of E. WriteẼ λ forẼ b E E λ and recall thatẼ λ " śλ |λẼλ . Consider the representationρ λ " ρ λ b E λẼ λ , and observe that it naturally decomposes asρ λ " Àλ |λρλ , whereρλ " ρ λ b E λẼλ . We assemble these Galois representationsρλ in a system of Galois representations that we denote withρΛ or ρ Λ b EẼ .
. L e m m a.
system of Galois representations, thenρΛ is a (strongly) quasi-compatible system of Galois representations.
Proof. Let X be a model of K and let x P X cl be a closed point. Letλ PΛ be a place that lies above λ P Λ, and let n ě 1 be an integer.
L e m m a. (a) the dual:ρ Λ " pE, Λ, pρq λPΛ q; For point , put f " ś n i"1 px´α i q and f 1 " ś n -In this section we show that abelian varieties and abelian cm motives give rise to strongly quasi-compatible systems of Galois representations (in respectively theorem . and theorem . ). These results are known over number fields. We recall their proofs and generalise the results to finitely generated fields.
. -Let K Ă C be a finitely generated field. Let M be a motive over K. Let E Ă EndpM q be a number field. Let Λ be the set of finite places of E. Let be a prime number. Then H pM q is a module over E " E b Q -ś λ| E λ . Correspondingly, the Galois representation H pM q decomposes as H pM q -À λ| H λ pM q, with H λ pM q " H pM q b E E λ . The λ-adic representations H λ pM q, with λ P Λ, form a system of Galois representations that we denote with H Λ pM q. It / is expected that H Λ pM q is a quasi-compatible system of Galois representations, and even a compatible system in the sense of Serre. (Indeed, this assertion is implied by the Tate conjecture.)
The following theorem is a slightly weaker version of a result proven by Shimura in § . . of [Shi ] . We present the proof by Shimura in modern notation, and with a bit more detail.
The proof is given in § . , and relies on proposition . , which is proposition . of [Shi ] . For similar discussions, see [Chi ] 
Let R be a finite-dimensional commutative semisimple E-algebra; and suppose that, for every prime number P L , we are given E-algebra homomorphisms R Ñ End E pH q. Assume that for every r P R the characteristic polynomial c.p. Q pr|H q has coefficients in Q and is independent of P L . Under these assumptions, for every r P R the characteristic polynomial c.p. E λ pr|H λ q has coefficients in E and is independent of λ P Λ.
Proof. The assumptions on R imply that R is a finite product of finite field extensions K i {E. Let i be the idempotent of R that is 1 on K i and 0 elsewhere. For r P R, observe that
We conclude that we only need to prove the lemma for R " K i , and H " i H , i.e., that we can reduce to the case where R is a field.
Suppose R is a finite field extension of E, and choose an element π P R that generates R as a field. Let f π Q be the minimum polynomial of π over Q. Observe that c.p. Q pπ|H q is a divisor of a power of f π Q in Q rts. Since both are elements of Qrts and f π Q is irreducible, we conclude that c.p. Q pπ|H q is equal to pf π Q q d , for some positive integer d. Since π is semisimple, it follows that Proof. Let f be an endomorphism of G. Consider the composition g :
The image of g is affine, since it is a quotient of T , and it is projective, since it is a closed subgroup of A. It is also connected and reduced, and therefore factors via 0 P ApKq. We conclude that f pT q Ă T , which proves the result.˝
. L e m m a. We will now prove the claim that H 1 pAq I -H 1 pG x q is a free E -module. Since A is semistable, / the special fibre G x is a semiabelian variety T ãÑ G x Ñ B. The semiabelian variety G x is a special case of a 1-motive, and thus we have a short exact sequence
We also have H 1 pT q -HompT, G m q b Q p´1q, see variante . . of [Del ] . By lemma . , the action of E on G x gives an action of E on both T and B. Since HompT, G m q b Q is a free E-module, we know that H 1 pT q is a free E -module. By corollary . we also know that H 1 pBq is free as E -module. Therefore, H 1 pG x q -H 1 pAq I is free as E -module.˝
. Proof (of theorem . ). -Let X be a model of K; and let x P X cl be a closed point. Let Λ pxq be the set of places λ P Λ that have a residue characteristic that is different from the residue characteristic of x. If there is a λ P Λ pxq such that H 1 λ pAq is unramified at x, then A has good reduction at x, by lemma . . Assume that A has good reduction at x. We denote this reduction with A x . It follows from lemma . that P x,ρ λ ,1 ptq has coefficients in E and is independent of λ P Λ pxq .˝
. P ro p o s i t i o n. -Let M be an abelian motive of weight n over a finitely generated
, and let Λ be the set of finite places of E. Then the system H Λ pM q is a strongly quasi-compatible system of Galois representations.
Proof. Let m be the level of M , that is maxtp´q | H B pM q p,q ‰ 0u. We apply induction to m, and use half-twists as described in § . . If m " 0, then there is nothing to be done.
Suppose that m ě 1. Let T Ă ΣpEq be the set of embeddings through which E acts on À pěrn{2s H B pM q p,q . Since dim E pM q " 1 we know that T XT : " ∅. It follows from the discussion in § . and § . that there exists a finitely generated extension L{K, an abelian variety A over L, and a motive N over L such that M L -Hom E pH 1 pAq, N q, and such that the level of N is m´1, and dim E pN q " 1. By theorem . we know that H 1 Λ pAq is a strongly quasi-compatible system, and by induction we may assume that H 1 Λ pN q is a strongly quasi-compatible system. It follows from lemma . that H Λ pM L q -Hom E pH 1 Λ pAq, H 1 Λ pNis a quasi-compatible system of Galois representations over L, and we will now argue that it is even a strongly quasi-compatible system.
Let X be a model of K, and let x P X be a closed point. Let Λ pxq be the set of finite places of E whose residue characteristic is different from the residue characteristic of x. Fix λ P Λ pxq . We may assume that A is semistable over L (possibly replacing L with a finite field extension). Since
A is a semistable cm abelian variety, we know that A has good reduction everywhere, and thus H 
LetΛ be the set of finite places ofẼ. (N.b., we now have inclusions
) By proposition . , the system H Λ 1 pM 1 q is a strongly quasi-compatible (E 1 -rational) system of Galois representations, and by lemma . we find that HΛpM q "
is a strongly quasi-compatible (Ẽ-rational) system. We conclude that H Λ pM q is a strongly quasi-compatible (E-rational) system of Galois representations by lemma . .˝
D e f o r m at i o n s o f a b e l i a n m o t i v e s
R e a d m e . -In this section we prove the main result of this article, which is the following theorem.
. T h e o r e m. -Let M be an abelian motive over a finitely generated field K Ă C. Let E be a subfield of EndpM q, and let Λ be the set of finite places of E. Then the system H Λ pM q is a quasi-compatible system of Galois representations.
. -The proof of this theorem relies heavily on the fact that an abelian motive can be placed as fibre in a family of abelian motives over a Shimura variety of Hodge type. Lemma . summarises this result. Its proof uses the rather technical construction . . Once we have the family of motives in place, the rest of the section is devoted to the proof of the main theorem. The following / picture aims to capture the intuition of the proof.
The picture is a cartoon of an integral model of a Shimura variety, and the motive M fits into a family M over the generic fibre, such that M -M h . We give a rough sketch of the strategy for the proof that explains the three steps in the picture: ( ) We have a system of Galois representations H Λ pM h q and we want to show that it is quasi-compatible at x; ( ) we replace x by an isogenous point y (in the sense of Kisin [Kis ]); and ( ) we may assume that y lifts to a special point s.
The upshot is that we have to show that the system H Λ pM s q is quasi-compatible at y. We will see that this follows from theorem . .
. C o n s t ru c t i o n. -Fix an integer g P Z ě0 . Let pG, Xq ãÑ pGSp 2g , H˘q be a morphism of Shimura data, and let h P X be a morphism S Ñ G R . In this paragraph we will construct an abelian scheme over an integral model of the Shimura variety Sh K pG, Xq, where K is a certain compact open subgroup of GpA f q. Along the way, we make two choices, labeled (i) and (ii) so that we may refer to them later on.
For each integer n ě 3, let K 1 pnq denote the congruence subgroup of GSp 2g pẐq consisting of elements congruent to 1 modulo n. Write K pnq for K 1 pnq X GpA f q. This gives a morphism of Shimura varieties
By applying lemma . of [Noo ] with p " 6 we can choose n in such a way that it is coprime with p and such that this morphism of Shimura varieties is a closed immersion. (In [Noo ] , Noot assumes that p is prime, but he does not use this fact in his proof.) (i) Fix such an integer n, and write K for K pnq . Since n ą 3, the subgroup K 1 pnq is neat, hence K is neat, and therefore Sh K pG, Xq is smooth. As is common, we denote with A g,1,n {Zr1{ns the moduli space of principally polarised abelian varieties of dimension g with a level-n structure.
Recall that A g,1,n is smooth over Zr1{ns.
We have a closed immersion of Shimura varieties The point h P X is a complex point of S K pG, Xq. After replacing F 1 by a finite extension F Ă C we may assume that the generic fibre of the irreducible component S Ă S K pG, Xq O F r1{N s that contains the point h is geometrically irreducible.
(ii) Choose such a field F Ă C. In the following paragraphs we will consider the closed immersion of Shimura varieties S ãÑ A g,1,n as a morphism of schemes over O F r1{N s.
. L e m m a. -Let M be an abelian motive over a finitely generated field K Ă C. There exist
» a smooth irreducible component S of an integral model of a Shimura variety over F , such that the generic fibre S F is geometrically irreducible;
» an abelian scheme f :
Proof. Since M is an abelian motive, there exists a principally polarised complex abelian variety A such that M C P xAy b . Write V for H B pM q. Observe that G B pV q is naturally a quotient of G B pAq.
Write G for G B pAq, and let h : S Ñ G R be the map that defines the Hodge structure on H B pAq.
Let X be the GpRq-orbit of h in HompS, G R q. Let g be dimpAq. The pair pG, Xq is a Shimura datum, and by construction we get a morphism of Shimura data pG, Xq ãÑ pGSp 2g , H˘q. Now run construction . , choosing (i) an integer n; (ii) a number field F Ă C; and producing a closed immersion of Shimura varieties S ãÑ A g,1,n over O F r1{N s.
It follows from construction . , that the Hodge structure V gives rise to a variation of Hodge structure V on S C such that the fibre of V above h is V , and such that h is a Hodge generic point of S C with respect to the variation V. The embedding S ãÑ A g,1,n gives a natural abelian scheme f : A Ñ S . The point h is also a Hodge generic point with respect to f . Observe that
Recall that V P xH 1 B pA h qy b , which means that there exist integers a, b, and m, and some
pA h qpmq whose image is isomorphic to V . Since h is a Hodge generic point of S C , the projector γ h spreads out to a projector γ on pT a,b R 1 f C,˚Q qpmq, and V S C -Impγq.
/ By theorem . , the projector γ is motivated, and thus we obtain a family of abelian motives
Finally, the point h, the projector γ, and the family of motives M are all defined over a finitely generated subfield L Ă C that contains F and K.˝ . -We will now start the proof of theorem . . We retain the assumptions and notation of construction . and lemma . . Write S for S L . Let V 1 be the variation of Hodge structure R 1 f C,˚Q over SpCq, and write V for the image of γ in pT a,b V 1 qpmq; it is a variation of Hodge structure that is the Betti realisation of M{SpCq. Because h is a Hodge generic point, the field E is a subfield of EndpVq. Let pe i q i be a basis of E as Q-vector space.
Let be a prime number. Let V 1 be the lisse -adic sheaf R 1 f˚Q over S . By theorem . , the projector γ on pT a,b V 1 qpmq induces a projector on pT a,b V 1 ,S qpmq over S that spreads out to a projector γ on pT a,b V 1 qpmq over the entirety of S . Let V denote the image of γ . Note that V ,S is the -adic realisation of M{S. By theorem . we see that E " E b Q is a subalgebra of EndpV ,S q. Since S is the generic fibre of S , we see that E Ă EndpV q. This has two implications, namely (i) we obtain classes e i, P EndpV q that form a Q -basis for E ; and (ii) because
. -Let p be a prime number that does not divide N , so that K decomposes as K p K p , and K p is hyperspecial. Let F q {F p be a finite field. Let x P S pFbe a point. Kisin defines the isogeny class of x in § . . of [Kis ] . It is a subset of S pF. Let y be a point in S pFthat is isogenous to x. Proposition . . of [Kis ] implies that there is an isomorphism of Galois representations
,y qpmqq, and such that e i, ,x is mapped to e i, ,y . This implies that V ,x -V ,y as E rGalpF q {Fs-modules. We conclude that V λ,x -V λ,y as λ-adic Galois representations.
. -We need one more key result by Kisin [Kis ] . Theorem . . of [Kis ] states that for every point x P S pF, there is a point y P S pFthat is isogenous to x and such that y is the reduction of a special point in S.
. -We are now set for the attack on theorem . . Let λ 1 and λ 2 be two finite places of E. Let 1 and 2 be the residue characteristics of λ 1 respectively λ 2 . Let X be the Zariski closure of h in S . Note that X is a model for the residue field of h. Let U Ă X be the Zariski open locus of points x P X such that the residue characteristic p of x does not divide N¨ 1¨ 2 . To prove theorem . , it suffices to show that H λ1 pM q and H λ2 pM q are quasi-compatible at all points x P U cl . Fix a point x P U cl . Observe that by construction the representations H λ1 pM q and H λ2 pM q are unramified at x. Let F q be the residue field of x. We want to show that V λ1,x and V λ2,x are quasi-compatible. This means that we have to show that the characteristic / polynomials of the Frobenius endomorphisms of V λ1,x and V λ2,x are equal, possibly after replacing the Frobenius endomorphism by some power. Equivalently, we may pass to a finite extension of F q . This is what we will now do.
As mentioned in § . , theorem . . of [Kis ] shows that there exists a point y P S pFsuch that y is isogenous to x and such that y is the reduction of a special point s P S. The point y is defined over a finite extension of F q . As explained in the previous paragraph, we may replace F q with a finite extension. Thus we may and do assume that y is F q -rational.
We want to prove that V λ1,x and V λ2,x are quasi-compatible. . (Proposition . ) We show that under reasonable conditions, we can recover the field E as subring of End GalpK{Kq,E λ pρ λ q for some λ P Λ.
. (Lemma . ) Let ρ Λ be a quasi-compatible system of semisimple Galois representations.
We prove that the rank of G λ pρ λ q is independant of λ.
. D e f i n i t i o n (see also § of [Chi ] ). -Let K be a finitely generated field, let X be a model of K, and let x P X cl be a closed point. Let E be a number field, and let λ be a finite / place of E. Let ρ be a semisimple λ-adic Galois representation of K. Assume that ρ is unramified at x. The algebraic subgroup H n Ă G λ pρq generated by F n x,ρ is well-defined up to conjugation. Note that H n is a finite-index subgroup of H 1 , and therefore the identity component of H n does not depend on n. We denote this identity component with T x pρq.
If there is an integer n ą 0 such that F n x,ρ is semisimple, then we call T x pρq the Frobenius torus at x. In this case the algebraic group T x pρq is indeed an algebraic torus, which means that
. R e m a r k. -Let K be a finitely generated field, let X be a model of K, and let x P X cl be a closed point. Let E be a number field, and let λ be a finite place of E. Let ρ be a semisimple λ-adic Galois representation of K. Assume that there is an integer n ą 0 such that F n x,ρ is semisimple. Now assume that ρ is E-rational. Fix an integer n ą 0 such that F n x,ρ is semisimple and generates the Frobenius torus T x pρq, and such that c.p.pF n x,ρ q has coefficients in E. Let pα i q i be the roots of c.p.pF n x,ρ q. Let Γ ĂĒ ‹ be the subgroup generated by the α i ; it is a free abelian group that may be canonically identified with the character lattice HompT x pρq, G m,E λ q. Let T be the algebraic torus over E whose character lattice is Γ. By construction we have
The upshot of this computation is that we may view T x pρq in a canonical way as an algebraic torus over E, if ρ is an E-rational Galois representation.
. P ro p o s i t i o n. There exists a model X of K, a point x P X cl , and an integer n ě 1, such that P x,ρ λ 0 ,n ptq P Erts and e is a coefficient of P x,ρ λ 0 ,n ptq.
/

Let be a prime number that splits completely in
Proof. We restrict our attention to a finite subset of Λ, namely Λ 0 " tλ 0 u Y tλ| u. Let U Ă X be an open subset such that for all λ 1 , λ 2 P Λ the representations ρ λ1 and ρ λ2 are quasi-compatible at all x P U cl . For each x P U cl , let n x be an integer such that P x ptq " P x,ρ λ ,nx ptq P Erts does not depend on λ P Λ 0 .
Let λ 1 be a place of E 1 above . Let λ 1 and λ 2 be two places of E that lie above λ 1 . We view ρ λ1
and ρ λ2 as λ 1 -adic representations. Since splits completely in E{Q, the inclusions Q Ă E . -Let K be a finitely generated field, and let X be a model of K. There is a good notion of density for subsets of X cl . This is described by Serre in [Ser ] and [Ser ] , and by Pink in appendix B of [Pin ] . For the convenience of the reader, we list some features of these densities.
Most of the following list is a reproduction of the statement of proposition B. of [Pin ] . Let T Ă X cl be a subset. If T has a density, we denote it with µ X pT q.
. If T Ă X cl has a density, then 0 ď µ X pT q ď 1.
. The set X cl has density 1.
. If T is contained in a proper closed subset of X, then T has density 0.
. If T 1 Ă T Ă T 2 Ă X cl such that µ X pT 1 q and µ X pT 2 q exist and are equal, then µ X pT q exists and is equal to µ X pT 1 q " µ X pT 2 q.
. If T 1 , T 2 Ă X cl are two subsets, and three of the following densities exist, then so does the fourth, and we have
. If u : X Ñ X 1 is a birational morphism, then T has a density if and only if upT q has a density, and if this is the case, then µ X pT q " µ X 1 pupT qq.
. -Chebotarev's density theorem generalises to this setting. Let Y Ñ X be a finite étale Galois covering of integral schemes of finite type over SpecpZq. Denote the Galois group with G. [Chi ] . The statement in [Chi ] is for abelian varieties, but the proof is completely general.˝ . C o ro l l a ry ( . of [Chi ] ). -Let K be a finitely generated field. Let E be a number field, and let λ be a finite place of E. Let ρ be a semisimple λ-adic Galois representation of K.
cl be the set of points x P X cl for which ρ is unramified at x and T x pρq is a maximal torus of G λ pρq. Then Σ has density 1.
. L e m m a. such that ρ is unramified at x, and T x pρq is a maximal torus, and P x,ρ1,n ptq " P x,ρ2,n ptq for some n ě 1, then ρ 1 -ρ 2 as λ-adic Galois representations.
Proof. Write T for T x pρq. Observe that P x,ρ1,kn ptq " P x,ρ2,kn ptq for all k ě 1. Let H n be the algebraic subgroup of G λ pρq that is generated by F n x,ρ . Recall that T is the identity component of H n . Note that for some k ě 1, we have F kn x,ρ P T pE λ q. Replace n by kn, so that we may assume that F n x,ρ generates T as algebraic group. The set tF kn x,ρ | k ě 1u is a Zariski dense subset of T . Since P x,ρ1,kn ptq " P x,ρ2,kn ptq, for all k ě 1, lemma . implies that ρ 1 | T -ρ 2 | T . Because T is a maximal torus of G λ pρq and G λ pρq is connected, we find that ρ 1 -ρ 2 as representations of G λ pρq, and hence as λ-adic Galois representations of K.˝ . Proof (of proposition . ). -Let X be a model of K. By corollary . , the subset of points x P X cl for which T x pρ 1 ' ρ 2 q is a maximal torus is a subset with density 1. By definition of compatibility, and § . , the subset of points x P X cl at which ρ 1 and ρ 2 are quasi-compatible is also a subset with density 1. By § . . these subsets have non-empty intersection: there exists / a point x P X cl such that T x pρ 1 ' ρ 2 q is a maximal torus and ρ 1 and ρ 2 are quasi-compatible at x. Now proposition . follows from lemma . .˝
. L e m m a. -Let K be a finitely generated field. Let E be a number field, and let Λ be a set of finite places of E. Let ρ Λ be a quasi-compatible system of semisimple Galois representation of K. Assume that G λ pρ λ q is connected, for all λ P Λ. Then the absolute rank of G λ pρ λ q is independent of λ.
Proof. It suffices to assume that Λ " tλ 1 , λ 2 u. Let X be a model of K. For i " 1, 2, let Σ i Ă X cl be the set of points x P X cl for which ρ λi is unramified at x and T x pρ λi q is a maximal torus of G λi pρ λi q. Then Σ i has density 1, by corollary . . Let U Ă X be an open subset such that ρ λ1
and ρ λ2 are compatible at all x P U cl .
Put Σ " Σ 1 X Σ 2 X U cl ; by § . . we know that Σ is non-empty. Fix a closed point x P Σ.
Since ρ λ1 and ρ λ2 are E-rational and quasi-compatible at x, there exists a torus T over E such that
T E λ i -T x pρ λi q, see remark . . The tori T x pρ λi q Ă G λi pρ λi q are maximal tori, by assumption. We conclude that G λ1 pρ λ1 q and G λ2 pρ λ2 q have the same absolute rank.˝ R e m a r k o n t h e M u m f o r d -Tat e c o n j e c t u r e R e a d m e . -In this section we recall the Mumford-Tate conjecture. A priori, this conjecture depends on the choice of a prime number . We show that for abelian motives this conjecture does not depend on (see corollary . ).
. C o n j e c t u r e (Mumford-Tate). -Let M be a motive over a finitely generated subfield of C. Let be a prime number. Under the comparison isomorphism H B pM q b Q -H pM q, see § . , we have G B pM q b Q -G˝ pM q.
. -If M is a motive over a finitely generated subfield of C, then we write MTCpM q for the conjectural statement G B pM q b Q -G˝ pM q.
. L e m m a. -Let K Ă L be finitely generated subfields of C. Let M be a motive over K.
Then G B pM L q " G B pM q and G˝ pM L q " G˝ pM q. In particular MTC pM q ðñ MTC pM L q.
Proof. See proposition . of [Moo ] .˝ . P ro p o s i t i o n. -Let M be an abelian motive over a finitely generated field K Ă C.
Let Z B pM q be the centre of the Mumford-Tate group G B pM q, and let Z pM q be the centre of G˝ pM q. Then Z pM q Ă Z B pM q b Q , and Z pM q˝" Z B pM q˝b Q .
Proof. The result is true for abelian varieties (see theorem . . of [Vas ] Finally, observe that Z B pM q and Z pM q have the same rank. Indeed, as remarked at the beginning of the proof, we know that Z pAq˝ãÑ Z B pAq˝bQ is an isomorphism. The commutative diagram above shows that the inclusion Z pM q˝ãÑ Z B pM q˝b Q must be an isomorphism.˝
. P ro p o s i t i o n. -Let M be an abelian motive over a finitely generated subfield K Ă C.
Let be a prime number. If G B pM q and G pM q have the same absolute rank, then MTCpM q is true.
Proof. We apply the Borel-de Siebenthal theorem (see [BS ] ; or [Pep ] ): since G˝ pM q Ă G B pM q b Q has maximal rank, it is equal to the connected component of the centraliser of its centre. By proposition . , we know that the centre of G˝ pM q is contained in the centre of Proof. Without loss of generality, we may and do assume that the groups G pM q are connected for all prime numbers , by lemma . . If the Mumford-Tate conjecture is true for one prime number , then the groups G B pM q and G pM q have the same absolute rank. By theorem . the Galois representations H pM q form a quasi-compatible system, and by lemma . the rank of the groups G pM q does not depend on . The result follows from proposition . B i b l i o g r a p h y 
